Let D be an acyclic orientation of the graph G. An arc of D is dependent if its reversal creates a directed cycle. Let d min (G) denote the minimum number of dependent arcs over all acyclic orientations of G. Let G(V 0 , E 0 ) be a graph with vertex set 
Introduction
Graphs considered in this paper are finite, without loops, or multiple edges. We use |G| and G , respectively, to denote the cardinalities of vertex set V and edge set E of a graph G(V, E). The degree of a vertex v of G is denoted d G (v). An orientation D of G is obtained by assigning an arbitrary direction, either x → y or y → x, on every edge xy of G. Let χ(G) denote the chromatic number of G, i.e., the least number of colors to color the vertices of G so that adjacent vertices receive distinct colors. Let g(G) denote the girth of G, i.e., the length of a shortest cycle of G if there is any, and ∞ if G possesses no cycles. Fisher et al. [3] showed that d min (G) = 0 when χ(G) < g(G). The Hasse diagram of a finite partially ordered set depicts the covering relation of elements; its underlying graph is called a cover graph. Pretzel [7] proved that d min (G) = 0 is equivalent to G being a cover graph.
A convenient tool for us is the source-reversal operation first introduced by Mosesian in the context of finite posets and extensively used by Pretzel dealing with cover graphs. We will summarize the main properties of this operation in Section 2. In Section 3, we will introduce another parameter c(G) which lower bounds d min (G) and show that c(G) = 1 if and only if d min (G) = 1. In Section 4, we will characterize the case d min (M m (G)) 1. We give generalizations of results established by Collins and Tysdal in Section 5. In the final Section, we derive upper bounds for c(M m (G)).
Source-reversal
Let u be a source of the acyclic orientation D. A source-reversal operation applied to u reverses the direction of all outgoing arcs from u so that u becomes a sink. The new orientation remains acyclic. Note that, if there are no dependent arcs in D, neither will there be any after a source-reversal. The above result originally appeared in Mosesian [6] . It was put to good use by Pretzel in a series of papers (for example, [7] , [8] , [9] , and [10] ).
Let D be an acyclic orientation of the graph G. For an undirected cycle C of G, we choose one of the two traversals of C as the positive direction. An arc is said to be forward if its orientation under D is along the positive direction of C, otherwise it is said to be backward. The following appeared in Pretzel [8] .
Theorem 2 If D and D ′ are two acyclic orientations of the graph G, then the following statements are equivalent.
2. D ′ can be obtained from D by a sequence of source-reversals.
The case for d min = 1
We denote by c(G) the the minimum number of edges to be deleted from G so that the remaining graph is a cover graph, i.e.,
Bollobás et al. [1] first introduced and studied this parameter. Their results were extended in Rödl and Thoma [11] . It was also one of the four parameters that give lower bounds to d min (G) investigated in Lai and Lih [4] . It is straightforward to observe the following. Proof. It follows from Facts 1 and 2 that d min (G) = 1 implies c(G) = 1. Now let us assume that c(G) = 1. Then there exists an edge e = xy such that G ′ = G − e has a 2-good orientation D ′ . We may assume that there is no directed path from y to x and extend D ′ to an acyclic orientation D of G by adding the arc x → y.
Since G has no 2-good orientations, D must have at least one dependent arc. If D has only one dependent arc, then we are done. If D has at least two dependent arcs, then each of them must belong to a cycle containing e.
We claim that x → y can not be dependent in D. Suppose on the contrary that there exists a directed path x, v 1 , v 2 , . . . , v s , y, s 1, from x to y in D. Since D has at least two dependent arcs, there is a dependent arc e ′ in D distinct from x → y, and there exists a cycle y, u 1 , u 2 , . . . , u t , x, y in G such that e ′ is the only backward arc in this cycle. Consider the closed walk W = x, v 1 , v 2 , . . ., v s , y, u 1 , u 2 , . . . , u t , x. Reversing e ′ converts W into a closed directed walk. Hence, e ′ is a dependent arc in D ′ which contradicts the 2-goodness of D ′ . Therefore, x → y is not dependent in D.
By Theorems 1 and 2, we can find an inversion D * of D such that D * and D have the same flow difference and y is a source in D * .
Let e * be an arbitrary dependent arc in D * and C * be a cycle
Suppose that e * is different from the arc y → x. Hence, y → x belongs to (C * , D * ) + . Then the arc x → y belongs to (
a contradiction. We conclude that e * must be the arc
An immediate consequence of the above Theorem is the following.
Corollary 4 If
The following was proved in Lih et al. [5] .
Theorem 5 Let n 3. Then M m (C n ) is a cover graph if and only if n is even.
This can be generalized as follows. 
Corollary 7 c(M m (G)) 1 if and only if G is not bipartite.
We are going to construct examples to show that equality can hold in Theorem 6.
Theorem 8 Let G(V 0 , E 0 ) be a triangle-free graph that is not bipartite. Suppose that there exists some vertex 0, v of G such that G − 0, v is a bipartite graph whose two parts are denoted by X and Y . If 0, v has precisely one neighbor in X and at least one neighbor in Y , then d min (M m (G)) = 1.
Proof. By Theorem 6, we know d min (M m (G))
1. It suffices to construct an acyclic orientation of M m (G) possessing a unique dependent arc.
Step 1. Define an orientation D 1 of G as follows.
(1) If xy is an edge in G − 0, v , x ∈ X and y ∈ Y , then let x → y. Obviously, each vertex in X is a source, each vertex in Y is a sink, and 0, v is neither a source nor a sink. It follows that D 1 is an acyclic orientation. Moreover, if P is a directed path of length at least 2 in D 1 , then 0, v ′ must be the initial vertex of P and the length of P is precisely 2. Since G is triangle-free, D 1 has no dependent arc.
Step 2. Let D 2 be the extension of 
Generalizing a theorem of Collins and Tysdal
The following appeared in Collins and Tysdal [2] .
Theorem 9 Let G be a triangle-free graph. Then the following statements hold.
Let S be a set of vertices of the graph G(V 0 , E 0 ). We use S ′ to denote the set of vertices { 1, j | 0, j ∈ S} and G−S +S ′ to denote the subgraph of M (G) induced by the set of vertices (
Lemma 10 If S is an independent set of G, then the subgraph
Proofs of Lemmas 11 and 14 are modeled after ideas used in Collins and Tysdal [2] .
Lemma 11 Let G(V 0 , E 0 ) be a triangle-free graph with at least two edges. For any two edges e 1 , e 2 in M (G) − u, M (G) − u − {e 1 , e 2 } contains a subgraph isomorphic to G.
Proof. If none of e 1 and e 2 is an edge in E 0 , we are done. Hence, we assume that e 1 = 0, x 1 0, y 1 ∈ E 0 and consider the subgraph
is not an edge in G ′ , we are done. Assume that e 2 is an edge in G ′ .
Case 1.
The edge e 2 is not incident to 1, x 1 . Since G is trianglefree, 0, x 1 can not be adjacent to both endpoints of e 2 . Suppose that 0, x 2 is an endpoint of e 2 and not adjacent to 0,
Case 2. The vertex 1, x 1 is an endpoint of e 2 . Let S = { 0, y 1 }. In each case, S is an independent set. By Lemma 10, G − S + S ′ is a subgraph of M (G) − u − {e 1 , e 2 } that is isomorphic to G.
Theorem 12
If a graph G is triangle-free with at least two edges and 
If the vertices x 2 and x 3 are not adjacent, then let S = {x 1 , x 2 , x 3 }.
If x 2 and x 3 are adjacent and x 1 is not adjacent to y i , i = 2 or 3, then y i and x 5−i are not adjacent. Let S = {x 1 , y i , x 5−i }.
If x 2 and x 3 are adjacent and both y 2 and y 3 are adjacent to x 1 , then {y 1 , y 2 , y 3 } is an independent set. Let S = {y 1 , y 2 , y 3 }.
In all cases, S so defined is an independent set. By Lemma 10,
Theorem 15 If a graph G is triangle-free with at least three edges and
Proof. Let F be the set of dependent arcs of an acyclic orientation
Pick three edges e 1 , e 2 , e 3 from F . By Lemma 14, M (G) − u − {e 1 , e 2 , e 3 } contains a subgraph isomorphic to G. It follows that
Corollary 16 If a graph G is triangle-free with at least three edges and c(G) 3, then c(M m (G)) c(G) + 3.
Upper bounds of c(M m (G))
In this section, we derive upper bounds for c(M m (G)). Since χ(G) < g(G) implies that G is a cover graph, we have the following inequality. c(G) min{ G − H | H is a subgraph of G and χ(H) < g(H)}.
Let e k (G) be the maximum number of edges in a k-colorable subgraph of G. Since the girth of a subgraph is never smaller than that of the given graph, the above inequality implies the following.
c(G)
G − e k−1 (G) if g(G) k.
Let G be a triangle-free graph. If H = (X, Y ) is a bipartite subgraph of G, then the following inequality holds by the above inequality.
c(G)
Proof. Let X ′ = (X 1 , X 2 ) be a bipartite subgraph of G 
